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^ \ Abstract: In this article we study giant gravitons in the framework of AdS/CFT 

O \ correspondence. First, we show how to describe these configurations in the CFT side 

Q \ using a matrix modeL In this picture, giant gravitons are realized as single excitations 

high above a Fermi sea, or as deep holes into it. Then, we give a prescription to 

define quasi-classical states and we recover the known classical solution associated to 

1^ \ the CFT dual of a giant graviton that grows in AdS. Second, we use the AdS/CFT 

'^ ' dictionary to obtain the supergravity boundary stress tensor of a general state and to 

holographically reconstruct the bulk metric, obtaining the back reaction of space-time. 

r> ' We find that the space-time response to all the supersymmetric giant graviton states 

d \ is of the same form, producing the singular BPS limit of the three charge Reissner- 

Nordstrom-AdS black holes. While computing the boundary stress tensor, we comment 

on the finite counterterm recently introduced by Liu and Sabra, and connect it to a 

scheme-dependent conformal anomaly. 
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1. Introduction 

In the latest time the AdS/CFT conjecture has been one of the most studied subjects 
within string theory. This duality gives the possibility to study properties of supergrav- 
ity theories from the CFT point of view and vice versa. In particular it has brought 
new insights into black hole physics and the role of naked singularities in AdS (see [1-3] 
for reviews). 

Although the initial studies in AdS/CFT where focused on the supergravity ap- 
proximation, lately the inclusion of different D-brane configurations has enriched our 
understanding, exploring new sectors that are necessary for the consistency of the whole 
picture. In particular, since the AdS5/CFT4 duality was constructed using D3-branes, 
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stable D3-brane configurations in AdS play an important role among all the different 
D-brane sectors. 

In this work we focus on a special type of D3-brane configurations called giant 
gravitons (GGs). These GGs are stabilized by a dynamical mechanism that develops 
local forces on the brane, canceling its tension and avoiding therefore the worldvolume 
collapse. Originally, GGs were described as D3-branes traveling on a S^ direction 
wrapping a perpendicular S^, both contained in the S^ factor of the metric, while they 
sit on the center of AdSs [4]^. The dynamics of the D3-brane effective action allows for 
two different stable solutions, one in which the radius of the S^ is zero and the other 
with a non-vanishing radius, bounded from above and proportional to the momentum 
along the S^ direction. Short after these configurations were studied, another solution 
was found, where this time the D3-brane wraps an S^' inside the AdSs part of the ten- 
dimensional space-time [8]. All these three solutions share the same quantum numbers 
and charges. In particular, they preserve half of the supersymmetries [9] and, from the 
ten-dimensional point of view, their geometrical center travels along a null geodesic. 

In this article, the first type of configuration will be called GG in S^ while the 
second kind will be called GG in AdS^,. The point-like configuration corresponds to a 
degenerate solution of the Born-Infeld action and will not be considered here. Orig- 
inally, these configurations where thought as the gravitational manifestation of the 
stringy exclusion principle [10], where the upper bound on the giant graviton momen- 
tum on the S^ (due to the fact that it is proportional to the radius of the iS^ and 
therefore has a maximum on S^), is dual to the upper bound found on the conformal 
weight of a family of chiral operators (here, the bound is easily understood from the 
finite rank of the gauge symmetry group U{N)) [4, 11]. But, unfortunately, the second 
kind of configuration, the GG in AdS, has a completely different behavior, with no such 
upper bound. This fact, added to the existence of the singular solution, shows a not so 
clear picture (see [12] for a discussion of this point). 

GGs have also been studied from the dual CFT point of view. In [11], Balasubra- 
manian et. al. proposed a particular class of operators called sub-determinants as the 
duals of GGs in S^. Later on, Corley et. al. [13] extended this proposition to describe 
all GGs in terms of a particular combination of single trace and multi-trace operators 
on the real scalars of the CFT theory, known as Schur polynomials. On the top of the 
above picture, GGs in AdS also have a dual description in terms of a semi-classical 
solution of the CFT theory [8], that remains to be connected to the quantum theory 
(such links are conjectured in [13,14]). These semi-classical states provide a picture 



^Nowadays we count with different generalization to this initial solution, where GGs travel along 
generic geodesies on AdSs [5], and where the D3-brane wraps general 3-cycles on the S^ [6]. For a 
non-supersynimetric extension, see [7]. 
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where GGs may be seen as single D3-branes separating from the initial stack of A^ 
D3-branes. 

In this work, our first purpose is to define a theoretical framework simple enough to 
be manageable, but containing the principal physical ingredients that characterize these 
D3-brane states. To this end, we use a few basic assumptions to reduce the sector of 
the CFT theory relevant for the discussion of GGs to a quantum matrix model. Then, 
following the ideas of Hashimoto et. al. [8], Corley et. al. [13] and Berestein [14], we 
arrive to a compact and elegant description of the quantum system in terms fermionic 
degrees of freedom. At this point, GG states are identified with Schur polynomials 
acting on a Fermi sea. This procedure leads to a beautiful interpretation of GGs as 
either holes in the deep of the Fermi sea or as highly excited states over the surface. 
Then, we identify quasi-classical states and, as a particular case, recover the classical 
solution of [8]. 

Then, we proceed to our second purpose, which is to obtain the back reaction on 
the supergravity fields due to the presence of GGs in AdSxS^ space-time. To this end, 
we reconstruct the supergravity solution from the boundary data using the AdS/CFT 
dictionary, and deduce that, at least asymptotically, the GG back reaction produces 
the singular BPS limit of the Reissner-Nordstrom-AdSs family of solutions, with one or 
more R-charges turned on [15]. In the quasi-classical limit the branes localize in space- 
time and therefore the fields they source are reproduced accurately by the supergravity 
solution we obtain, up to regions of high curvature near the singularity. This is where 
the GG condensate lies and supergravity looses its validity. 

These supergravity solutions were assigned originally to a GG condensate in S^ in 
[16] by a different argument, but from our analysis GGs in S^ and GGs in AdSs produce 
the same back reaction. This may seem surprising at first sight. In fact, supergravity 
does not seem to be able to distinguish between different GGs configurations with the 
same quantum numbers. Nevertheless, we argue that the back reaction solution has 
different ranges of validity for the two types of configurations and it makes sense to 
trust the supergravity solution deep into the bulk only when considering GGs in AdS. 

To compare the supergravity and CFT stress energy tensors, we need to compute 
the boundary stress tensor for the three-charge family of Reissner-Nordstrom-AdSs 
solutions. In order to obtain the results with the same renormalization scheme for 
the two sides of the correspondence, we have to add precisely the finite counterterm 
recently introduced by Liu and Sabra [17] (see [18] for previous works on the subject). 
Finally, we argue that this boundary term is exactly the one needed to cancel the 
scheme-dependent contribution to the conformal anomaly of the CFT. 

The plan of the work is the following: in section ^, we introduce the CFT notations 
and conventions to define the dual operators of GGs. Then, we describe the reduction 
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of the CFT system that leads us to a quantum mechanical matrix model and to the 
description of GGs on it, including quasi-classical states. In section ^, we compute the 
expectation value of the quantum stress energy tensor of the GG states, and match it 
with the appropriate five dimensional supergravity solution. At last, in section ^ we 
summarize and discuss our results. The details of the calculations are left to the appen- 
dices. In appendix ^ we give and justify the definition of coherent and quasi-classical 
states for the reduced CFT model, while in appendix |B| we perform the computation 
of the boundary stress tensor and discuss the finite counterterm introduced by Liu and 
Sabra. 



2. Matrix model for giant gravitons 

Giant gravitons have been identified with a particular class of half-BPS operators 
made out of the real scalars X"^ of A/" = 4 SYM theory^. We use in this article 
the A/" = 1 decomposition, where the scalars are usually written as three complex 
scalars ^^ = 4=(X'^ + iX^^^), with / = 1,2,3, and all the fields transform in the 
adjoint representation of U{N). GGs are a combination of single-trace and multi-trace 
operators in $^, labeled by their R-charge n. These operators are then identified with 
Schur polynomial in $'^, written either in the totally symmetric representation U of 
the associated symmetric group Sn (corresponding to a GG in AdSs) or the totally 
antisymmetric representation U' of the symmetric group Sn (corresponding to a GG in 
S^) [13]. To be more precise, Schur polynomial operators are defined as 

where, without loss of generality, we have set the SU(4) indices / to 1 and will neglect 
it for the rest of this section. We also have written explicitly the U{N) indices H\ 
taking values from 1 to N. The sum is over all the group elements a of the symmetric 
group Sn and xi'^) is the character of the element a in the chosen representation R. 
The result of the permutation a acting on the natural number 'i' is written as cli). 
In particular, the U and U' representations of Sn have the following associated Young 



^In this article, we use greek indices ^,v, . . . = ... 5 for the tangent space of five-dimensional 
space-time and latin indices a, 6, . . . = 0, . . . , 3 for the four-dimensional space-time on which the CFT 
lives. The U{N) and SU{N) gauge group indices are i,j,... = 1, ... ,7V and for the R-charges we 
use m,n,... — 1, ... ,6 indices when described in terms of the fundamental of 50(6) and capital 
/, J, . . . = 1, 2, 3 indices when described in terms of the fundamental of 5t/(4). 
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diagrams 



U symmetric 



U' antisymmetric 



where the first is totally symmetric while the second is totally antisymmetric^. For 
example, 



X{2,U) 



[(Tr$)2 + Tr(<l>2)] and X(2,u') 



[(Tr $)^ - Tr ($^)] (2.2) 



are respectively the Schur polynomials of degree n = 2 in the U and U' representations^. 

2.1 Matrix model 

In [14] it was pointed out that, in a particular regime, GGs could be described by a 
matrix model. Basically, the idea is to work in the frame where the CFT lives in a 
space-time with M x 5^ topology, and then consider configurations homogeneous in the 
iS^ (i.e. after expanding the CFT fields on spherical harmonics, we keep only the singlet 
states). Note that, the only relevant part of the gauge field A is the time-component, 
that we can always gauge away keeping in mind that the constraints tell us to consider 
only f/(A^)-invariant states. Effectively, we have reduced the system to a quantum 
mechanics since only time-dependence is allowed^. 

The relevant reduced action was considered in [8], and reads 



S'ym 



I dtTTU*^-u^<l>*<l>) , 



(2.3) 



where u = 1/i the inverse radius of AdSs and Q3 is the volume of the unit three sphere. 
Also, * stands for complex conjugation. This action corresponds to the case where we 
have angular momentum only in the plane defined by {X^,X^). The general action, 
with angular momentum in all three planes, corresponds to three copies of the above 
action, one for each field $^, $^ and <l>^. 

Following the usual treatment^ , we define two independent matrix valued oscillators 

•^This diagrams are related to representations of S'„ and should not be confused with diagrams 
related to representations of U{N). 

"^This is just an example to understand the structure of the Schur polynomial, and it must be 
remembered that we always work in the case where n is comparable to N. 

'''This is very similar to the approximation made when GGs are discussed in the test brane picture. 
There, the static gauge is implemented and the degrees of freedom corresponding to oscillations of the 
shape of the GG arc frozen. 

^In [13] similar but different definitions arc used. 
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Aand Bhy A = -^{j3^ + ^W) and B = -^{P^^ + |n) with p = ^/^hPjg^, and 
the conjugate momenta 11 = -j^. The Hamihonian H and angular momentum^ J, in 
terms of A and 5, become 

if = cj Tr [A^A + B^B) , J = Tr (AU - B^ B) , (2.4) 

and the only nontrivial commutation relations are 

[A], (At)f] = 5^^5\ , [B^, (5t)f] = 6^6i . (2.5) 

It follows that A and B are lowering operators for the hamiltonian, and A'' and B'' are 
raising operators. As usual, the vacuum state |0) is defined to be annihilated by any 
matrix element of A and B. Generic states in the Hilbert space are then obtained from 
the vacuum by the repeated action of any matrix elements of A^ and -B^. Moreover, 
the application of A^ raises the angular momentum by one, while B"^ lowers it by one. 
Therefore, the matrix valued oscillators A and B are left and right handed oscillators 
respectively, exciting the two linear harmonic oscillators X^ and X^ with a phase shift 
of ±7r/2. Only the chiral states, obtained by the exclusive action of A"^ (or 5^") are 
supersymmetric, saturating the BPS bound H = ujj . Here we will concentrate in the 
supersymmetric states obtained by the action of A"!" alone. 

The matrices A and B admit the so-called polar coordinates decomposition®, where 
we write A = fi^Afi^, B = iV^ISilB with A and B diagonal matrices and fi^ and fi^ 
stand for the angular variables. Note that we still have the Z^ invariance acting on 
the diagonal matrices. Next, we can always diagonalize one of them, say A (but not 
B simultaneously), by acting with a similarity transformation of U{N). This transfor- 
mation also changes the measure in the corresponding path integral of the quantum 
system. This change can be reabsorbed by a Vandermonde factor that multiplies the 
vacuum state. Since this factor is antisymmetric in the elements of A^ and the Hamil- 
tonian still has the Z^ symmetry on these same elements, all the excited states will 
be antisymmetric in A^ , rendering our model effectively a fermionic system (again, we 
will consider only excitations made out of A^ to have BPS states). 

To be more concrete, we first write A^ = diag(aj, . . . , ajy), then the new normalized 
vacuum (or fermionic vacuum) is 

1 ^ 

^^^ i<j fc=i 



^These operators J^ correspond to the angular momenta on the plane (X^, X^^^) and measure the 
R-charge of the states. 

^See for example [19] for a review in matrix models in string theory and for references. 
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where the operator in front of |0) is the normahzed Vandermonde determinant. Generic 
BPS states are written as S{a^) |/), with S'(a''') symmetric in a]. Therefore, the over- 
all functions acting on |0) are antisymmetric and can always be written as a Slater 
determinant of the following form 



/ 



\n) = det 






{air 



\ (<)"^ (<) 



\"2 



{a\r^ \ 



(ajv)"- / 



|0) 



(2.7) 



where n = (ni, . . . , hn) and we have chosen rii > n2 > . . . > un > 0. Note that |/) 
corresponds to the minimal occupation configuration, determining the Fermi sea level 
and defined hj Uf = {N - 1,N - 2, ... ,1,0). 

At this point, a general state can be represented by the occupation vector n, that 
in turn has the associated U{N) Young diagram 











rii 










n2 
















nN-i 






riN 







This diagram tells us that we should take the creation operators a\ to the nj-th power 
and completely antisymmetrized their action on the vacuum |0). In particular, we can 
relabel the states such that we count the excitations above the Fermi sea level, by 
defining a new vector n' = n — fif. Keeping only the non vanishing n'^, we get smaller 
Young diagrams (less rows), telling us only about the excitations above the Fermi sea 
level. Note that, in our conventions, the operator located at the Fermi sea level is a\ 
while the one at the bottom corresponds to ajy. For example, the following Young 
diagram 







n; 






n'2 





corresponds to exciting only the first two oscillators to the n'^ and n'g energy levels 
respectively, over the Fermi sea^. 

As we have seen, this reduced system comes naturally in terms of fermionic creation 
and annihilation operators acting on the vacuum. GGs were defined in ( |2.1| ) in terms 



^Therefore, energy and angular momentum (R-charge) will be measured from the Fermi sea level 



Ef- 
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of the complex scalars $, and not of the operators A and B. Nevertheless, in the 
BPS sector of the Hilbert space we are considering, A^ is proportional to <l>^ up to 
normalization factors (just note that B annihilates any state that we have considered, 
and then use the definition of A^ and B to obtain the above result). Therefore, in this 
framework, we can describe equivalently GGs by considering Schur polynomials in A^ . 
Fortunately, Schur polynomials have already been studied in depth, and many 
of their properties are under control. In particular, Schur polynomials have a very 
convenient decomposition in terms of Slater determinants (see for example [20]) given 

by 



Xn,R 



det((aJ)"'+^-0 



ah) 



(2i 



nfc</ (a^k 

where the term in the numerator is the determinant of a A^ x A^ matrix labeled by 
{i,j), fii is the partition of n (i.e. n = '^Ui) defined by the specific representation R of 
the symmetric group Sn used (uj is the number of boxes in the i-th row of the Young 
tableau associated to the representation R of Sn)- In particular, if we are considering 
GGs in AdSs, we are instructed to use the U (or totally symmetric) representation, 
that has the following partition 

Hi = nSi,i i = l,...,N, (2.9) 

but if we consider GG in S^, we use the U' representation, with partition 

ni = l i = l,...,N. (2.10) 

Therefore, a normalized operator representing a GG in AdS acting on the fermionic 
vacuum |/) gives 



X 



in,U) 



I/) 



V Jnsjv 



det 



/ 



v 



(aI)"+^-i 
(4)«+^-i 



(a 



(4)^-2 



(4)° 



\ 



(a 



t \n+N-l 

n) 



[a 



t \N-2 

n) 



|0) 



(2.11) 
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where fns = {n + N — 1)!/(A^ — 1)!. Note that, only the first column has an exponent 
different from the assigned value characteristic of the Fermi sea. On the other hand, a 
normalized GG in S^ is given by the expression 
1 



'X{n,U') I// 



V Jnajv 
I 



X 



X det 



(al)^ 
(4)^ 



(4)^-^ 



(4)^-"+i 
(4)^-"+^ 



(4)^-"-i 
(4)^—^ 



4)^ 



a 



t \Af-l 
N) 



a 



t \7V-n+l 
N) 



\a 



t \N-n-\ 

n) 



{a{)' 
(4)° 



(«!v)V 



(2.12) 



|0), 



where /„„ = {N — n + 1)!/(A^ ~ !)'■ Note this time, that there is a jump in the value of 
the exponent in the column number n + 1. Also, the above states form an orthonormal 
basis for GGs in AdS, i.e. {f\X(nU)^\m,u) I/) — ^nm, and similarly for GGs in S^. 
Using the rules given before (regarding how to associate a U{N) Young diagram to a 
given state), both GGs have very simple U{N) diagrams, given respectively as 



GG in AdS. 



GG in S^ 



where the first diagram is telling us that GGs in AdSs correspond to exciting the 
operator a[ (up to the Z,^ action) high above the Fermi sea level with multiplicity n. 
Also, it is important to see that, due to the form of the diagram, there is no bound 
on how much we can excite this operator, a characteristic feature of GGs in AdSs. 
Instead, the behavior of the second diagram is completely different, and indeed it has 
a maximum value for n given by n = A^. This value is exactly the depth of the Fermi 
sea, and this time the interpretation of the diagram is that a GG in S^ corresponds to 
uplift the Fermi sea level by one unit, creating a hole deep down into it [14]. 

2.2 Quasi-classical states 

In the above framework, it is useful to remember that each a- is related to the position 
of one of the corresponding D3-branes that form the U{N) theory. Therefore, GGs 
in AdS can be understood as the result of separating one D3-brane from the stack 
of branes that produces the AdSs x S^ geometry. This point of view was already 
foreseen in [8], where a semi-classical treatment of the action ( p.3|) was used. Actually, 
this semi-classical picture seems to capture a lot of the physics, giving the correct 
BPS bound, energy and R-charges of the system, suggesting that we are really facing 
a quantum system that somehow behaves classically. This type of phenomenon has 
already occurred in the AdS/CFT duality, when large quantum numbers are involved 
(see for example [21]). 

To analyse this behavior in the matrix model under consideration, we shall use co- 
herent states, defined by the requirement that they minimize the uncertainty principle. 
Asking that the quantum uncertainty in the energy is much smaller than the measure 
of the energy itself, we obtain quasi- classical states. This further condition corresponds 
to consider a large R-charge limit, with the energy well approximated by the classical 
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value. More precisely, in appendix |^, we show that a quasi-classical state |a) can be 

defined by 

A F 
Tr(i)|a) = v^a|a), — ^ < 1 , (2.13) 

E 

where E = {a\H \a)—Ef is the expectation value of the energy above the Fermi surface 
and AE'^ = {a\ H^ \a) — {a\H\a) measures its uncertainity. The integer k < N defines 
the number of D3-branes which are separated from the initial stack of A^ D3-branes to 
build the GGs, if the classical energy is of the form Edassicai = uja*a. 

Indeed, we have observed that quasi-classical states of GGs in AdSs can be con- 
structed, providing a link between the classical solution of [8] and our quantum matrix 
model. Here we show the resulting states and the main properties, but a detailed 
discussion can be found in appendix 0. 

In particular, this set of equations can be solved in the case k = 1, describing a 
single GG in AdS. The resulting coherent state is defined by (|A.11|) , 

\a) = ^y^ "" X] m\f)^ with fa = y^^^-^^. (2.14) 

This state is explicitly constructed as a superposition of Schur polynomials in the U 
representation, which represent a GG in AdS. Hence, as stated, |a) is a coherent GG 
in AdS. As we will show in the next section, this coherent state corresponds to have a 
quasi-classical state where only one creation operator a] (i.e. only one brane) has been 
excited above its ground state, reproducing exactly the classical solution of [8]. 

The second coherent state we achieved to construct is for k = N. In this case, all 
the N D3-branes are excited with the same angular momentum, and are described in 
the CFT by the following state, 

|(7) = -^expf-^Trit')|/), with h = exp{-a*a). (2.15) 

Finally, we showed that it is not possible to construct a coherent state describing a 
single GG in S^ or, in other words, as linear combination of Schur polynomials in the 
U' representation acting on the Fermi vacuum. This means that such GGs are quantum 
in nature, and appear delocalized in space-time from the ten dimensional point of view. 
In particular, their energy is not well defined classically, and hence the supergravity 
approximation will fail in the bulk. 

3. Back reaction of giant gravitons 

In the previous section we described GGs from the point of view of the CFT theory 
dual to AdSs x S^ space-time, in particular we have obtained quasi-classical states 
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corresponding to GGs in AdS by means of a coherent superposition of quantum states. 
On the gravitational side of the correspondence, this hmit can be interpreted as the 
locahzation of the branes in spacetime, and a description in terms of supergravity 
fields makes sense in the bulk. Since these extended objects act as sources for both the 
gravitational field and the Ramond-Ramond five-form, their presence should deform 
the AdSs x S^ space-time on which they live. The purpose of this section is to deduce 
the form of this back reaction. 

To this end, we evaluate the expectation value of the stress energy tensor of the CFT 
theory. Then, using the AdS/CFT correspondence, we translate it into the boundary 
stress energy tensor of the supergravity solution sourced by these GGs, and reconstruct 
the bulk fields. Finally, we discuss the validity of this solution and examine the case of 
quasi-classical states. 

3.1 General analysis 

First of all, on the CFT side, the configuration we are considering does not involve 
gauge fields, as the D3-branes are not sources for the dilaton and the axion. Moreover, 
the energy of the GG does not depend on qym and therefore the commutator term 
of the SYM should not play any role. The relevant part of the CFT action on the 
boundary M x 5^ is, 

S = --^ /dSv/^^Tr (daX'^d'^X^ + hx'^f) (3.1) 

where the l/£^ term is due to the coupling with the background curvature, imposed by 
the conformal invariance. When restricted to homogeneous configurations this action 
reduces to three copies of the model ( |2.3| ) studied in the previous section. The associated 
stress energy tensor Tab is given by 



-Ji/YM 



1 

VaX'^VfcX'" - -X"'VaVbX"'+ 



77T,= 1 



-/lab (VcX^V^X™ - 2X™nX'") + ^GahX^'X'- 



(3.2) 



where Gab is the Einstein tensor of the background manifold R x 5^, and hab is its 
metric. If we introduce the unit time vector v"' = (1, 0, 0, 0), this tensor reads 

Gab = -^ (hab - 2VaVb) ■ (3.3) 
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Then, assuming that the scalar fields do not depend on the coordinates on the three- 
sphere and using the equations of motion, we obtain the stress tensor 

Tab = ^ Y. T^ (^"^" + ]^X^xA Bab , (3.4) 

where we have defined 

<S>ab = VaVb+-hab. (3.5) 

This stress tensor comes in a perfect fiuid form and in accordance with the conformal 
invariance of the theory, it is traceless. At this point, it is important to notice that T^jy 
is proportional to the hamiltonian ( |2.4| ) of the reduced theory. Hence, on the quantum 
theory the expectation value of the stress energy tensor in a general state \ip) gives 

{Tab) = ^mH\^lj)Qab. (3.6) 

In the full SYM theory, we have here an additional contribution due to the Casimir 
effect, which is however known to match the vacuum contribution of the supergravity 
theory. By neglecting this term, we are simply describing the excitations above the 
vacuum of the theory. 
In general, 

^ = 7E[^^ + 2Tr(5jB/)] , (3.7) 

1=1 

where Jj are the R-charge operators and the trace counts the total occupation number 

of the Bj oscillators. We are interested in BPS states, where only A] excitations are 

present. Therefore this trace term does not contribute to the total energy of the system 

and the expectation value of the stress energy tensor is 

AJ 

(Tab) BPS = ^Q ^i'^ab , (3.8) 

where J = {J2i -h) is the expectation value of the total R-charge. Note that the total 
energy of the state is 

E={Tu)n,l' = j, (3.9) 

which is the expected relation for BPS states. 

The AdS/CFT conjecture tells us that this expectation value coincides with the 
boundary stress tensor of the corresponding supergravity solution. Hence, the back 
reaction of the giant graviton on the background is given, at least asymptotically, by 
the supergravity solution which has the correct charges, preserves the same amount of 
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supersymmetries and whose boundary stress tensor is given by ( p.6|) . One such solution 
is known: it is given by the supersymmetric Reissner-Nordstroni-AdS black hole studied 
in [15], and associated to a condensate of GG in S^ in [16], where this solution was 
named superstar. 

The static R-charged black holes in AdSs, solutions to the STU model, have a 
metric of the form [22] 



(3.10) 



ds^ = -H{r)-^/^f{r)dt^ + H{ry/^ (^ + r'd^l) , 
where the function /(r) is given by 

2 

m r 
m = ^--2+ J,H{r) (3.11) 

and H{r) is the product of three harmonic functions 

3 

H{r) = llHj{r), Hj = l + %. (3.12) 



1=1 



Here, m is the non-extremality parameter (determining the mass of the solution) and 
the qi are the R-charges in the (J, / + 3) planes of the five sphere. We parameterize the 
two scalars of the theory by three functions X^ constrained by the relation X^X'^X^ = 
1. These functions, and the three f/(l) gauge fields Ai^, read respectively 



X' = hIhj\ a' = Jl + -{l-Hj^) dt. (3.13) 

V 9'/ 

In the m = limit, this solution preserves half of the supersymmetries [15], and a 
naked singularity develops. The associated boundary stress energy tensor is computed 
in appendix ^, and assumes the form 

where Q is the total R-charge of the system {Q = J2i=i1i)- Here, G5 is the five 
dimensional Newton's constant, related to the units of flux A^ of the five form and to 
the radius of AdS by 

1671^5 = ^^. (3.15) 

Expressed in terms of the CFT constants, the boundary stress tensor becomes 






^M^ = ^77^®/''^ ' (3.16) 
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where we have dropped the Casimir contribution to the stress energy, since we are 
interested to the stress energy of the excitations above the vacuum. This result matches 



perfectly the stress energy tensor ( |3.8| ) obtained from the matrix model if we take the 
R-charges of the CFT state and those of the supergravity solution to be linked by the 
relation 

(^|J,|^) = ^g,. (3.17) 

Note that the charges and boundary stress tensor match also in the non-extremal case, 
with the same relation ( |3.17| ) between the charges, if the total Bj occupation number 
matches the non-extremality parameter m of the solution 

{ij\J2^^B\Bj\ij) = j^m. (3.18) 

1=1 

In this case, the supergravity solution would describe a genuine black hole in AdSs, 
but the validity of the matrix model description away from the supersymmetric state 
is not obvious and will be analyzed elsewhere [23]. 

3.2 Classical limit and supergravity description in ten dimensions 

In the general analysis, we have been able to match the expectation value of the reduced 
CFT stress tensor with the boundary stress tensor of a family of supergravity solutions. 
Note that, in the matrix model, a generic quantum state {ip) corresponds to excitations 
of the scalar fields X™ that typically describe a delocalized system of D3-branes. In 
particular, this is also true for the GG states constructed using single Schur polynomials. 
On the other hand, we can consider quasi- classical states, representing localized GGs, 
that certainly can be used as sources of supergravity. 

For instance, we found in appendix ^ that GGs in AdS can be excited coherently. 
In the quasi-classical limit, these states allow to understand GGs in AdS as set of one 
or more D3-branes, separated from the initial stack of A^ D3-branes used to define the 
AdS/CFT duality. In particular, we have constructed explicitly quasi-classical states 
corresponding to a single GG in AdS and the state where all N D3-branes are excited 
simultaneously. In contrast, we showed that no analogous coherent states can be defined 
for GGs in S^, and consequently they have no supergravity description. 

To be more specific, the state corresponding to a single quasi-classical GG in AdS 
is given by the coherent state |a) defined by equation (|2.14|), with large |a| ^°. In 



^°It is well known that GGs are well defined as long as their R-charge goes at least like v^ [H]- 
We have checked that our quasi-classical states have a well defined classical limit even for the smaller 



GGs (see appendix ^). 
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particular, we can take the state with initial conditions ctio = \/ ^^^ and ajo = for 



the other i > 2. Then, the scalar field expectation values behave as a classical solution 
of the theory, and take the values 



9ymJi 



where 17 = diag(l, 0, . . . , 0). Factoring out the f/(l) factor of the U{N) gauge group, 
corresponding to the motion of the center of mass of the A^ D3-branes, 17 becomes the 
traceless diagonal N x N matrix 



N 



V 



N 



N-l 



(3.20) 



V -w^J 



The solution given by equations ( ^.19| ) and ( ^.2U| ) is exactly the classical CFT solution 



proposed in [8] as dual to a giant graviton in AdSs. 

The second system corresponds to the quasi-classical state with all a^'s having 
the same initial conditions (see equation ([A.8|) ). In this case, we have a collective 
motion of all D3-branes, and the giant graviton condensate can be interpreted as a 
stack of rotating D3-branes. This solution, explicitly given in [24], corresponds to a 
type IIB supergravity solution, which is asymptotically flat and consists in a black 
p3-brane displaced from the center and rotating in the transverse S^ directions. By 
carefully, and simultaneously, taking the near-horizon and extremal limits, one recovers 
the supersymmetric solution under consideration. 

We would like to stress that these quasi-classical GGs in AdS cover all the possible 
ranges of energies that GGs can describe. In fact, we are able to obtain GGs with 
energies E, satisfying the inequality E > \/N. This same inequality is obtained by 
demanding consistency in the test brane picture, where in particular, the equality 
corresponds to the case where we have GGs of almost Planck size [11]. For smaller 
energies, quantum effects become dominant. 

As a last point, using the equation that links the radius of a test GG in AdS 
with its energy, r/i = ^EijN [8], we get that its thickness goes to zero for large N . 
Hence, in the supergravity limit, the branes become inflnitely thin, and the description 
of classical supergravity plus external Born-Infeld matter is justifled. Obviously these 
are just qualitative arguments, since the relation between the radius and the energy 
has been obtained in the test brane approximation. However, when r ^ £p we expect 
them to hold, and indeed they prove the result we already stated: quasi- classical states 
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of GGs in AdS are localized in space-time and their hack reaction is well described by 
the supersymmetric RN-AdS solution in the bulk of AdS^ x S^ . 

4. Summary and discussion 

In this article we have developed a formalism in the J\f = 4 SYM to deal with GGs 
in terms of a matrix model. This formalism only applies after a few simplifications 
have been made. Basically we have focused our attention to the scalar sector only 
and considered spatially homogeneous configurations. Also, we have set the string 
coupling to zero to obtain free fields. These approximations are justified for the states 
we are interested in, because they excite only the scalar sector, and the homogeneity 
corresponds to a freezing of the internal modes of these object. Moreover, since the 
states under consideration are BPS, we expect this description to remain valid as we 
turn on Qs- In this framework, GG creation operators are identified with completely 
symmetric or antisymmetric Schur polynomials acting on the Fermi sea describing the 
vacuum. 

Translating the expectation value of the stress energy tensor into the boundary 
stress energy tensor of the corresponding supergravity solution, we were able to identify 
the back reaction on the AdS space-time due to the presence of these branes. The 
response of the supergravity fields turned out to be the BPS Reissner-Nordstrom-AdS 
solution, with one or more R-charges turned on. The resulting field configuration can be 
trusted in general only in the asymptotic region, since for a generic quantum state the 
giant gravitons are delocalized. Nevertheless, there are quasi-classical states for which 
the branes localize in space-time and, as long as the curvature of the spacetime remains 
small, the supergravity solution describes correctly the back reaction. These quasi- 
classical solutions are systems composed by one or more GGs in AdS. However, there 
is no analogous quasi-classical state for GGs in S^ and therefore the associated back 
reacted solution can only be trusted near the boundary. In computing the boundary 
stress tensor of the supergravity solution, we have also shown that the finite counterterm 
of Liu and Sabra [17] is needed to eliminate the scheme-dependent part of the conformal 
anomaly. 

Regarding future avenues of research, we make notice that in the CFT matrix 
model, there is the possibility to discuss non-BPS excitations acting simultaneously 
with A^^s and -B^'s on the vacuum. Presumably, if we remain in the near BPS regime, 
we can still keep control on the system, opening the way to the description of static 
near BPS AdS black holes. Also, the recent discovery of a BPS black hole in AdS opens 
up the possibility of an exact derivation of their entropy. As pointed out by Gutowski 
and Reall [25], these black holes could only be sourced by D3-branes, or GGs. We 
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believe that, the extension of this matrix model by adding angular momentum in AdS, 
could provide the microscopic degrees of freedom of these objects. In particular, GG 
configurations carrying the correct quantum numbers (energy, angular momentum and 
R-charges) have been described in [5]. These issues are object of current research [23]. 
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A. Coherent and quasi-classical states 

The matrices X^ of the CFT describe the positions of the D3-branes in spacetime, and 
for a general quantum state we expect them to be delocalized. Since we are interested 
in configurations that admit a supergravity description, we should look for states that 
behaves semi-classically^^. 

A standard approach to obtain such states is to use coherent states, which have 
the nice property that they saturate the uncertainity principle. 

A.l Coherent states 

In the matrix model, due to the U{N) invariance, single components of our matrices 
are not observable. Nevertheless, the N eigenvalues of X™ are gauge invariant, and 
describe the positions of the D3-branes (here, the residual Z^v symmetry corresponds 
to the fact that the A^ branes cannot be distinguished among them). 

A particularly interesting gauge-invariant observable is given by the center of mass 
of the branes, defined by 

F™ = 1 Tr X™. (A.l) 

In particular, this observable carries all the physical information, for the simple case 
where a group of n branes are displaced all together out of the original stack of N 
D-branes. In this case, we have that for X™, n eigenvalues are equal to A and N — n 
are equal to zero. 

The conjugate operators are then given by the total momenta 

dC 

-'m -Lr TTjn, T^m _ -^ ; \-^''^J 



'^In this article, we work exclusively in the Heisenberg picture. 
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and satisfy the canonical commutation relations [Y"^, P„] = 5™. Using standard argu- 
ments, one observes that || (Y"^ — FJ^ + iX{Pm — Pom)) li') IP > must hold for any A 
and deduces that the uncertainty on F™ and Pm is bounded by 

AY^'APm > \ , (A.3) 

in units where h = 1. To achieve minimal uncertainty, we have to consider states 
which saturate this inequality and therefore satisfy {y^ + iXPm) l^) = a"^ \a) for some 
A. Here, we have labeled the state with a set of complex numbers, determined by the 
initial conditions a^ = Yf^+iXPom- In addition, we request that Y"^ + iXPm annihilates 
the vacuum of the theory. This condition fixes A = l/N/S"^. The resulting states are 
called coherent states, and their defining relation is given by 



(pNY"' + ^Pr^\a) = a"'\a) 



(A.4) 



Let us consider now BPS states. These are defined by the relation B^ \ip) = 
which reads in term of the original variables 



(/3X' + ^^/) 1^) = ^ [PX^"-' + ^^7+3) 



(A.5) 



In other words, there is must be a phase shift of 7r/2 between the oscillators X^ and 
j^/+3_ PJ.QJ21 this relation, it follows that 



Tr A' lij) = fpNY' + ^Pj\ \^) = t (bnY'^^ + '-Pj+^ 



(A.6) 



Therefore, a BPS coherent state \q) in F™, defined by ( |A.4| ) with a^ = ia^~^^, can be 
equivalently characterized by the relation 

Tr A^ \a) = a^ \a) , a^ G C, / = 1 . . . 3. (A.7) 

We stress the fact that we have to construct f/(A^)-invariant states, and therefore we 
cannot simply require the coherence in each element of the matrices X™. The definition 
([A.7|) is however gauge-invariant and defines a minimal uncertainty state, as required. 
Also it is nontrivial to find solutions to this equation, since we are working in the case 
where A^ = A^ is diagonal, and the fermionic Hilbert space is obtained by acting with 
symmetric operators on the Fermi vacuum. Moreover, since we are mainly interested in 
condensates of D3-branes, the resulting coherent states should verify the appropriated 
symmetry properties. 
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A. 2 Particular solutions to the coherent state equation 

The simplest way to solve equation (|A.?1 ) is to act with an exponential of the operator 



{A^y on the vacuum of the theory, which is in our case the Fermi vacuum |/). Taking 
into account the phase difference for BPS states, this is equivalent to use an exponential 
of Tr {A^y . Indeed, if we define 

|fi) = ^expf^Tr(ii)t')|/), with h = exp{-a*a), (A.8) 

VJn VvA / 



we easily obtain using the commutation relations [Tr A^ , Tr Aj] = NSj that indeed this 
is a coherent state satisfying Tr A-*^ 1^2) = yNa \Vl). Note that we have used a different 
normalization for a, without loosing generality (see equation (|A.7|) ), that will be useful 
later. Moreover, this state is gauge- invariant, as it should be, since it corresponds to a 
symmetric operator acting on the Fermi vacuum. 

In general, a state satisfying ( |A.7| ) will be coherent in Y^ , however its composition in 



terms of branes and open strings excitations is not clear, and may be quite complicated 
due to the fermionic structure of the theory. To have a clear example of quasi-classical 
GG state, we will now build a coherent state |a) describing the excitation of a single 
GG in AdS. To have this interpretation, the state must consist of a linear combination 
of Schur polynomials xl u acting on the Fermi vacuum. Therefore, we have to find 
complex coefficients 7„ such that the following two equations hold, 

oo 

Tr ii \a) = a\a), \a) = Y,^nxi,u I/) • (A.9) 

n=l 

A key relation to solve equation (|A.9|) , and to obtain an explicit form of the coherent 
state la) is 

Tr(A) x\n,u) I/) = ^{n + N-l) xj„_i,^) |/) . (A.IO) 

To prove this formula, one has to rewrite the ket xL_i u) \f) ^^ terms of its occupa- 
tion numbers as |?t, + A — 1, A — 2, . . . , 1, 0)^, where the subscript A corresponds to 
antisymmetrization. Then, every time that one of the a, hits a term of the expansion 
in the antisymmetrization of the above ket, we get a term that already existed on the 
expansion (unless it contains the factor {a))^^^~^) that, due to the antisymmetriza- 
tion, will give zero. Therefore, only the terms with exponent n -|- A — 1 will contribute, 
producing this number as an overall factor. These surviving terms have one less op- 
erator aJ, since we have acted on them with a^, and hence produce a ket of the form 
|n + A — 2, A — 2, . . . , 1, 0)^ i.e. a Schur polynomial of degree n — 1, X(n-i m acting 
on the Fermi sea. The form of the final overall value \/n + A — 1 is the result of the 
ratio of the difference in the normalization between x, jj-. and xL-i u]- 
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At this point, to obtain the final form of the coherent state, we just have to use 
the equation ( |A.1CI| ) into equation ( |A.9| ), getting a recursive series in the a„. Then, the 



overall undetermined constant is fixed by the usual normalization requirement. The 
explicit form of the state is given by 



|a) 



J_y _ «:^ t |j\ ^ith /„ = y_J^!^ll_, (A.ll) 



where the normalization factor fa can also be written as. 



7V-2 



a*a)" 



/-7:;.;^^"--E^^ ■ (A.12 



n=0 



The above procedure can not be implemented exactly for GGs in S^. Basically, 
the problem is related to the fact that we only count with a finite number of such 
independent states, since there are only A^ independent Schur polynomials in the U' 
representation. To see how the obstruction arises, we first try to solve the analogous 
equation of ( |A.9| ), 



TtA,\P)=P\P), (A.13) 



N 



Y.P-xl,u')\f) ■ (A-14) 



ra=l 



These equations can be solved by means of the following relation among normalized 
GGs in 5^ 

Tr(ii) x{„,^,) I/) = VN-n+l x|„_i,^,) |/) . (A.15) 

which in turns, is simple to proof with reasoning parallel to the one used to proof 
(|A.10| ). After substituting in ( [A.13| ), we get the relations 



(AT _ nV 
Pn= ^ ^, '' {PTpo ioTn = 0,...,N, (A.16) 

P7V = 0, (A. 17) 

that have as only solution p„ = for any n. Therefore it is not possible to construct a 
coherent state made as a superposition of GGs in S^. 

Nevertheless, we point out that since we work within the AdS/CFT correspondence, 
A^ is considered to be large. We can therefore think on a combination of GGs in S^ that 
almost satisfy our constraints, defining an approximated coherent state. For example, 
we could arbitrary forget about equation ( |A.17] ), keeping all the others Pn- This is 
certainly an option, but the resulting ket will spread out in time for any finite A^, 
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and the classical limit will loose the very important requirement of localization. The 
D3-branes will delocalized after a given scale of time, and from the ten-dimensional 
point of view, no supergravity solution will describe the interior of the corresponding 
spacetime. 

A. 3 Quasi-classical states 

Previously, we have considered the definition of coherent states in our model. Nev- 
ertheless, we can always impose the extra condition that the quantum uncertainty in 
the measurement of the energy AE", is much smaller than the expectation value of the 
energy E. In this way, our coherent states reproduce more closely the behavior of the 
classical observables. In this work, we will call quasi-classical states, to any coherent 
states that satisfy this extra condition. 

We define our quasi-classical state by means of the following equations: 

A F 
Tr(i) |a) = v^a |a) , ^^ < 1 , (A.18) 

where E = {a\H \a) — Ef is the expectation value of the energy above the Fermi 
surface and AE"^ = {a\H'^\a) — {a\H\a) measures its uncertainity. Note that the 
first equation, corresponding to the coherent state equation, has been modified by a 
factor of vfc, to accommodate the possibility of describing k excited semi-classical 
branes. This will be clarified at the end of the appendix when we discuss the form of 
the classical solutions of the theory. 

Armed with the above definitions, it is not difficult to see that the coherent state 
of equation ( |A.8|) is also a quasi-classical state for the case k = N and therefore is 



identified with the case were all the D3-branes have a total angular momentum in the 
plane defined by {X^,X^). In this case, is not difficult to calculate that 

, ,9 , AE 1 ,, , 

E = uj\ar, and — ^ = — -, (A.19) 

E \a\ 

which in the limit of large |a| and large N, gives the desired result. 

Also, the coherent state of equation ( [A.llp is a quasi-classical state for the case 
k = 1, and therefore it must be identified with the classical solution of a single GG in 
AdS of [8]. 

To verify the above statement, we first obtain the form of the energy, 

E = ^y ^^(^a ^, (A.20) 

U ^ y/iN + n-l)\ 
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which can be rewritten as 



2 uj-f{N, \a\ 



E = io\a\'- ," V7 ,. (A.21) 

using the incomplete gamma function. Then, after some calculations, we obtain that 

^E_f\a\' |«Pexp(|an V^\ (a.22) 



E \E^ |a|27(A^-l,|a|2)-7(Ar, |a|2) 

Let us consider now two different large \a\ limits, that define quasi-classical regimes. 
The first one corresponds to take lap ^ A^, that gives 

E = u\a\' +o(-^), and ^ = ^ + O ( -^) . (A.23) 

A second asymptotic expansion can be obtained by taking |ap = A^ + V^Ny, where 
y G M is bounded and A^ large. Here we found that 

E = ujV2N [y + g{y)] + O [N'^) , (A.24) 

AE' 1 9{y) 







E^ 


2iy + giy)f 


' y + 9{y) 


The function 


9iy) 


is defined by 










g{y) = 


e-y' 




v/7rerfc(-y) ' 



+ 0[^]. (A.25) 



(A.26) 



and vanishes very rapidly when y is positive. Hence, the above expressions can be 
approximated for y > 1 by 

, AE 1 

E^ujV2Ny, and ^~^- (^-27) 

Remember that, in the test brane picture, the minimal energy that can be reached is 
precisely of order yN [11]. Therefore, putting together the two limiting cases described 
above we cover all the possible energy ranges of a GG in AdS that can be described in 
the test brane picture, from the smallest E ~ \fN jt GGs to the cosmological ones. 

As a last point, we review the form of the classical solution, to justify the in- 
terpretation we have made on the number of classical GGs in a given quasi-classical 
state. In the classical theory, the relevant part of the hamiltonian is of the form 
Hciassicai = uj Tt («*«) with « = ^ (/?$ + ^H* j and H/ = ^. After having diag- 
onalized the matrix a, the classical equations of motion for the diagonal elements ctj 
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have the general solution ai{t) = ajoe"*'^*, with energy E = u J2i=i(^io(^io- Here, the 
coefficients a^) encode the information of the initial conditions. 

Following the interpretation given in [8] of the above classical system, consider the 
case where k oscillators have the same initial condition ajo = vkceo for i = 1, . . . ,k 
and all others are zero. This system corresponds to have k GGs with the same energy. 
If we evaluate the hamiltonian H, and the operator Tr a, in this configuration, we get 
Hdassicai = uj aQao, and Tra = Vkaoe~™^. Note that, the above relation characterizes 
the classical state of k GGs in AdS. In particular in the k = 1 case, we are in the 
presence of a single GG, while for k = N, we are in the case where all the branes have 
the same R-charge. This last two extreme cases correspond to different identifications 
of the f/(l) in U{N). 

In the quantum system, the hamiltonian is again the sum of N harmonic oscillators, 
but we have to consider only gauge invariant observables, antisymmetrized in the N 
oscillators variables. Equation ( |A.7| ) gives our generalized definition of coherent state. 



The operator Tr A^ has an equation of motion of the same form as the single operators 
Oj's, with general solution TrA^ = (TrA^)oe~*'^*. At this point (TrA^)o is a complex 
number defining the initial condition (note that we have restricted only the total sum 
of the initial condition of each operator a^, and therefore many different combinations 
of initial conditions in a, will have the same total initial condition in TiA^ in the same 
manner as for the classical theory). 

Therefore, the use of equation ( |A.18|) guaranties that the corresponding quasi- 



classical state has the classical interpretation of k displaced branes. 

B. Boundary stress tensor 

In this appendix we compute the boundary stress energy tensor for the Reissner- 
Nordstrom-AdSs family of black holes with three independent charges in the STU 
model. It is defined by the quasi- local stress tensor of Brown and York [26], as the 
variation of the gravitational action 5*0 (including the Gibbons Hawking surface term 
to have a well-defined variational principle [27]) with respect to the metric g^^, induced 
on the boundary dAi of the manifold, 

T'^^ = -L4^. (B.l) 

The action, and the stress tensor, are regularized by taking the boundary at finite 
radius r. As dAi is pushed to infinity, the stress tensor diverges. In the framework 
of AdS/CFT it is natural to renormalize the supergravity action by the addition of 
local counterterms on the boundary [28]. This method has the advantage of being 
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background independent and covariant. In AdSs, the needed counterterm has the 

form [28, 29] 

3 ^ ^2 






■.I1--K 



(B.2) 



where TZ is the curvature scalar of the boundary metric. There is still the freedom to add 
finite counterterms, which are needed if one wants to recover for example a consistent 
thermodynamics for these black holes [30]. In [17], inclusion of such counterterms was 
advocated in order to recover the expected ADM energies and a BPS-like linear relation 
between energy and R-charges. This corresponds to a shift in the renormalization 
prescription in the dual CFT. 

What we show in this appendix, is that the deep reason for the introduction of 
this term is to eliminate the scheme-dependent part of the Weyl anomaly. Hence, by 
requiring a regular izat ion procedure which respects the full conformal symmetry, we 
are able to lift the ambiguity in the definition of the action and conserved charges of 
the theory. 

For the three-charges Reissner-Nordstrom-AdSs solutions (|3.10|) , the quasi- local 
stress tensor obtained from the action 5*0 -t- S^ reads 



8^G,T,^ = ^A— + 7,m + Q]Q,.-^AQ--Q']g,. + 0i-^] , (B.3) 



where Q = J2i1^ i^ the total R-charge and Q = J^kjI^I"^ ^ ^^^ ^f^i' is the tensor 
defined by ( |3.5| ). Note that there is a trace anomaly proportional to Q — Q'^/3, which 
originates from a choice of renormalization scheme which does not respect the asymp- 
totic isometry group of AdSs. From the CFT point of view, the regularization used 
violates the scale invariance. Indeed, the general form of the Weyl anomaly consists 
of a scheme independent part, which vanishes for the background under consideration, 
and a collection of total derivative terms that can be removed by adding suitable finite 
counterterms to the action [31,32]. Hence, the anomaly we obtain is trivial, and it is 
possible to restore the conformal symmetry by adding to the action precisely the finite 
counterterm proposed by Liu and Sabra [17]. For the class of solutions ( |3.10| ) under 
consideration, its exact form is 

where (j)\ i = 1,2 parameterize the two scalars of the STU model, and hij is the moduli 
space metric. The contribution of the finite 0^ counterterm is easily computed and is 
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which is precisely the quantity needed to cancel the trace anomaly from the quasi-local 
stress tensor (|B.3|) , and eliminate the nonlinear dependence on the charges. Finally, 
the complete quasi-local stress tensor reads, 

SrrG.T,. = ^ (^ + ^m + g) 0,. + O (1) . (B.6) 

To find the boundary stress tensor, we push the boundary dAi to infinity, conformally 
rescaling the metric in such a way to eliminate the double pole. Defining the background 
metric upon which the dual field theory resides as 

h^^ = lim — 5f^j, (B.7) 

we find that the boundary is the Einstein universe with metric ds"^ = —dt^ + l'^dVt\. 
Hence, the CFT stress tensor is obtained by rescahng the quasi-local stress tensor by 
a factor r^/£^ before taking the boundary at infinity. As a result, one obtains 



4 /3£2 3 

h -5 

3£3 V 8 2 



SvrGsT^. = TT^ ^ + o"^ + Q 0^. • (B.8) 



The AdS/CFT correspondence tells us that (p.8| ) coincides with the quantum expec- 
tation value of the CFT stress tensor: 

{T^,n = T,. . (B.9) 



The first term in the parenthesis of eqn. |B.8| corresponds to the non-vanishing vacuum 
energy due to the Casimir effect of the CFT on M x 5^, and the term proportional to 
3m/2 + Q is the energy of the excitation over the vacuum. 
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